Abstract: This paper presents the efficient modeling and analysis of laminated composite plates using an eightnode quasi-conforming solid-shell element, named as QCSS8. The present element QCSS8 is not only lockingfree, but highly computational efficiency as it possesses the explicit element stiffness matrix. All the six components of stresses can be evaluated directly by QCSS8 in terms of the 3-D constitutive equations and the appropriately assumed element strain field. Several typical numerical examples of laminated plates are solved to validate QCSS8, and the resulting values are compared with analytical solutions and the numerical results of solid/solidshell elements of commercial codes computed by the present authors in which fine meshes were used. The numerical results show that QCSS8 can give accurate displacements and stresses of laminated composite plates even with coarse meshes. Furthermore, QCSS8 yields also accurate transverse normal strain which is very important for the evaluation of interlaminar stresses in laminated plates. Since each lamina of laminated composite plates can be modeled naturally by one or a few layers of solidshell elements and a large aspect ratio of element edge to thickness is allowed in solid-shell elements, the present solid-shell element QCSS8 is extremely appropriate for the modeling of laminated composite plates.
Introduction
Laminated composite materials are used in a wide range of industries like aerospace, marine, transportation etc. due to their main advantage in mechanical properties such as high specific stiffness and high specific strength [1] . However, laminated composite structures are apt to produce the delamination [2] [3] [4] [5] [6] at the interfaces between plies because of the interlaminar stresses caused by the dissimilar material properties between the lamina [7] , which is one of the most significant failure modes of composite materials. Thus, it is very important to accurately predict stresses of the laminated composite structure.
Finite element models of laminated composite plates for design and analysis have been commonly used duo to the fast increase in computing capabilities. It is well known that the conventional 3-D solid elements are capable of yielding accurate analysis of laminated composites [8] . Nevertheless, the discretization through the thickness direction should be similar with the mesh density in the in-plane direction due to the limitation of the element aspect ratio, resulting in much higher computational cost since the overall model composed of great many solid elements comprises million degrees of freedom. In contrast, the shell elements are computationally efficient [9] [10] [11] , but most of shell elements are not able to accurately capture the interlaminar transverse shear stress and the transverse normal stress through the plate thickness direction, because these shell elements employ the common kinematic assumptions of inextensibility in the thickness direction or the zero transverse normal-stress condition etc.
As an improved approach for the conventional shell element, the stacked-shell model [12] based on FSDT is used to simulate the laminated composite plates by a discrete number of sublaminates, and these sublaminates are tied together with solid cohesive elements or contact interface elements. Although stacked-shell element can accurately present the out-of-plane behavior of laminated plates, it is not advisable in the computational efficiency since the connection between shell elements or "contact elements" introduced always need specific equations or restrictions to establish their relationship.
The 3-D continuum element [13, 14] is formulated using the 3-D field equations of elasticity, which has been resorted to improve the computational efficiency and to resolve the inaccurate evaluation of the interlaminar stresses occurred in the shell elements. The solidshell element was introduced based on the experience of the derivation of the 3-D continuum element. In 1997, Domissy [15] and Sze et al. [16] analyzed the plate/shell problems using the the solid-shell element. Soon after, Hauptmann et al. [17] also proposed the solid-shell formulation for linear and non-linear analysis. The solid-shell element has the same geometrical description as the conventional solid element but can be discretized in space like the degenerated shell element. Besides, the solid-shell element can also be used in the complicated 3-D plates/shell structures combined with the solid element directly without the transitional treatment. Thus, the solid-shell element has been employed in the modeling of laminated structures [18] [19] [20] [21] [22] due to its advantages.
Nevertheless, the solid-shell formulation based on the assumed displacement field cannot calculate the interlaminar stresses accurately, because displacements are the primary variables, and stresses are calculated in terms of the constitutive law with respect to the strains which are derived from the displacements at the Gauss points, thereby introducing numerical errors [23] . Additionally, the interlaminar stresses at the interface rather than at the Gauss point need to be determined. Since 1964, the hybrid [24] and the mixed element formulation [25, 26] have been used for the solid-shell element. For instance, Rah et al. [21] proposed the partial hybrid stress solid-shell element based on the modified Hu-Washizu variational principle, where displacements, strains and stresses can be approximated independently from each other, therefore providing the highest possible flexibility in selecting the trial functions for primary variables. And eight partial stress modes are used to capture interlaminar stresses accurately in the laminated composite plate. However, the static condensation at the element level has been used to achieve the pure displacement-based equations in the global coordinate system, leading to complicated calculations. Whereafter, Rah et al. [22] presented a mixed soldshell element, both EAS and ANS methods are used together in the formulation to alleviate the locking problem. This mixed solid-shell element could provide very accurate interlaminar stresses through the element thickness by imposing the interlaminar stresses as constraints in the enhanced assumed strains formulation. While the mixed formulation also bring a highly computational cost. Apart from the FEM used in the modelling of laminated composite plates, the formulations based the generalized differential quadrature (GDQ) method [27] have been successfully employed in static and dynamic analysis of laminated composite materials [28] [29] [30] [31] .
The quasi-conforming element technique (QCET) proposed by Tang et al. [32] is employed to explore accurate and efficient solid-shell element. It has been demonstrated by many investigations that QCET is a powerful method to formulate efficient and reliable membrane, beam and plate/shell elements [33] [34] [35] [36] [37] . Then QCET is extended to the derivation of the 3D solid-shell element in this paper. According to the deformation feature, the 3-D strains in a plate-like structure can be decomposed into the components of in-plane strains and the components of outof-plane strains, which are interpolated independently to prevent locking phenomena. Moreover, the solid-shell element using QCET possesses explicit element stiffness matrix, which can constitute a simple formulation and finally devote to the balance between the accuracy and the computational efficiency. Additionally, the real thickness and the material properties of the layers can be used straightforwardly in the solid-shell element, supporting to the better prediction of the interfacial damages [38, 39] for the laminated composite plates.
Based on the quasi-conforming element technique, accurate, reliable and efficient eight-node solid-shell element named as QCSS8 is presented in this paper to model the laminated composite plates. The detailed formulation of the solid-shell element QCSS8 is given in the second section. Then the accuracy and reliability of the resulting element used in the analysis of the laminated composite plates are examined by several typical numerical examples, which are shown in the third section. Conclusions are summarized in the last section.
A brief review of the formulation of the quasi-conforming solid-shell element
The quasi-conforming element technique (QCET) is a general assumed strain method. The locking problems could be alleviated by using the assumed strain method when the element strain field is given properly and reasonably. Besides, the element strain field is interpolated independently from the element displacement field, meanwhile the relationship between displacements and strains of the element is contained within the weak form of the compatibility equation.
Theoretical basis for the quasi-conforming element technique
Firstly, we consider a typical continuum in the boundary value problem, V andS denote, respectively, the domain and boundary of the continuum; x i (i = 1, 2, 3) denotes the rectangular Cartesian coordinates;SσandSu represent the force boundary and the displacement boundary onS;t i are the given tractions onSσ; n j (j = 1, 2, 3) are the direction cosines of a point onSσ, ∂V and ∂S signify, respectively, a subdomain and its surface in the continuum. The weak forms of the generalized equilibrium and the compatibility equation for a continuum discretized by the finite element method take the form as [40, 41] 
where Nume shown in Eq. (1) is the number of total elements in the continuum under consideration;ε ij are the independent trial strains rather than the strains derived from the assumed displacement field; and U(ε ij ) denotes the strain energy density in terms of strains. In Eq. (2), Num b is the number of common surfaces/boundaries between elements; δσ ij are the weighting functions; the superscripts "+" and "-" signify the displacements associated with different elements along their common element boundary. The physical meaning of Eq. (1) is similar to the minimum potential principle. The physical meaning of Eq. (2) is that the strain-displacement relationship and the conforming condition along the element boundaries are satisfied in a weighted integral form instead of the point-wise form. When the displacement conforming condition between the elements is set to be satisfied a priori and the displacement boundary conditions are enforced posteriori which is the case in the element formulation of the quasiconforming elements, then Eq. (2) reduces to the following form as
If the assumed strains are approximated independently over each element, the weak form of the straindisplacement relation given in Eq. (2) can be enforced in each element individually as
Eq. (4) provides a theoretical basis for the derivation of the eight-node solid-shell element QCSS8 based on QCET [32] .
The geometric description and coordinates
The eight-node solid-shell element QCSS8 considered in this study is an arbitrary hexahedron as shown in figure 1 , where orthogonal coordinate axes X, Y, Z are the global coordinates and x, y, z constitute the element local coordinates, the x-y plane is the reference plane. The origin of the element local coordinates is set at the geometric center of element as shown in figure 1. Vectors ex, ey, ez are directions of coordinate axes (x-axis, y-axis and z-axis) in the element local coordinates. The direction of the vector ex is parallel to the line − ⇀ 12, ez is along the opposite direction of the normal on area (1234), ey is given in terms of the right-handed system, and vectors ex, ey, ez take the forms as
then the unit base vector of the element local coordinates can be written as
Let E be the unit base vector of the global coordinates, then the relationship between the global coordinates and the element local coordinates is established by the transformation matrix T as e = T · E
The transformation of the displacement components
) from the element local coordinate system to the global coordinate system are performed by
where
The element assumed strain field
According to the deformation feature of the solid-shell element and elastic theory, the linear strain ε takes the following form. 
It is advantageous for element QCSS8 to be a locking-free element by interpolating the element strain field independently from the element displacement field [32] . Then the element assumed strainε is approximated as ε=Nα (10) where N is the interpolation function matrix for the element assumed strain, α is the vector composed of the corresponding undetermined generalized strain parameters. To prevent the spurious zero-strain energy mode, the number of the undetermined generalized strain parameters should be not less than the difference between the total number of nodal DOFs and the total number of the rigid body displacement. The determination of the element assumed strain field for a solid-shell element should follow the basic principles of finite element method, such as the constant strain, the coordinate invariance, the requirement of rank sufficiency etc. The empirical approach based on deformation characteristic of thin plate is also helpful. Besides, the assumed strain field of element QCSS8 need be interpolated as simply as possible to ensure the highly computational efficiency, the factors to be free from locking should be taken into account. The element assumed strain of element QCSS8 is also inspired by the idea in the development of the element assumed strain fields for the four-node C 0 plate element and the four-node quadrilateral membrane element proposed by Shi et al. [35, 41] . Thus, the assumed strain field of element QCSS8 takes the form as
The element assumed strain field for element QCSS8 defined in the Eq. (11) can be completely reduced to the assumed strain filed of a four-node quadrilateral membrane element [41] .
The element stiffness matrix
If let the transpose of the interpolation matrix N defined in Eq. (11) be a weighing function for δσ in Eq. (4), then Eqs. (9-10) yield the weak form of the compatibility equation for element QCSS8 as
By making use of Eq. (10), Eq. (12) can also be rewritten as
Eq. (13) can be written in a matrix for as
where matrix C and matrix A are expressed in Eq. (15) and Eq. (16), q is the nodal displacement vector of element QCSS8 in the local coordinate system as defined in Eq. (17) .
Using integration by parts, the volume integration given in Eq. (15) and Eq. (16) could be degenerated into the integration around the bounding surfaces of the element. Matrix C is achieved correspondingly by substituting Eq. (9) and Eq. (11) into Eq. (15) and then separating nodal displacement components. Taking εx for example, the left-hand side of Eq. (15) for an eight-node solid-shell element is written in the following form.
in which N 1 is the non-zero term in the corresponding row vector of N shown in Eq. (11) and takes the form as
Parameter n jx , n jy and n jz are the direction cosines on surface A j . And u j , v j , w j are the displacement components on the surface A j (the subscript j=1, 2,. . . , 6). The volume integration shown in Eq. (18) is reduced to the integration around the bounding surfaces of the element, and each surface of the solid-shell element contains four nodes which is similar to a four-noded quadrilateral element. Then the bilinear interpolation form can be used to describe the displacement fields of the bounding surfaces. The evaluation of matrices C and A are the key work for deriving the element stiffness matrix of QCSS8.
Matrix A can be explicitly solved by substituting the interpolation matrix N given in Eq. (11) into Eq. (16) . Therefore, vector α (the generalized strain parameter) is expressed by matrices A, C and vector q in terms of Eqs. (14) (15) (16) as
Then substituting Eq. (19) into Eq. (10), the element assumed strain field is rewritten as
The corresponding strain energy for an element can be expressed as
where Ke is the element stiffness matrix and Q * is the offaxis stiffness matrix of composite lamina attached in the following subsection in detailed.
Eflcient analysis of the laminated composites by element QCSS8
The laminated composite plate under consideration is composed of a finite number of linear elastic orthotropic laminae. The constitutive equation [7] in the principal material coordinates of the lamina take the form as
The stiffness components can be written in terms of the engineering constants as in which, E i , ν ij and G ij (i, j = 1, 2, 3) are elastic modulus, Poisson ratio and shear modulus of the lamina in the principal material coordinates respectively. When there is an orientation angle θ between the principal material axis of a lamina and the reference coordinate x-axis (assumed that z-direction is always consistent), the stresses of the lamina in the plate global coordinate and in the principal material coordinates have the following relationship.
The off-axis stiffness matrix denoted as Q is defined to establish the stress-strain relationship in the reference coordinate, the detailed expression is given as
The components Q ij (i, j = 1, 2, 3) for the off-axis stiffness matrix Q are given by the previous stiffness components Q ij and angle θ as 
The matrix Q needs to make a little change to match with Eq. (9), then the new off-axis stiffness matrix Q * and the corresponding stiffness components are of the forms as
According to Eqs. (20) (21) 28) , the element stiffness matrix Ke for element QCSS8 with domain Ωe used in the modeling of laminated composites takes the following form.
Matrix A and C in the Eq. (29) can be taken outside from the integration because they are the matrices composed of constants. N is a very simple polynomial interpolation matrix, the integration about matrices multiplication N T Q * N can also be derived straightforwardly in the element local Cartesian coordinates. Thus, the element stiffness matrix Ke can be represented explicitly as
It is worthwhile to point out that the element stiffness matrix Ke defined in Eq. (30) can be evaluated explicitly as it only involves with simple polynomials.
Numerical examples and discussions
This section focuses the assessment of the performance of the present solid-shell element QCSS8 used in analyses of laminated composite plates, which includes the convergence rate, the sensitivity to mesh, the influence of the length-to-thickness aspect ratio and the influence of the face-to-core stiffness ratio, etc. The numerical results given by the present element will be compared with the reference results reported in the literature, analytical solutions based on Shi's higher-order shear deformation plate theory [42] accounting for interlaminar transverse shear stress continuity given by the third author [43, 44] as well as the numerical results given by the reliable elements in ANSYS.
A four-ply [0/90/90/0] laminated plate under the uniformly distributed load
The laminated plate with the simply-supported condition on the plate edges is investigated in this example. The length-to-thickness aspect ratios of the laminated plate are a/h = 10 and a/h = 100. Material properties are given as E 1 = 174.6 GPa, E 2 = E 3 = 7 GPa, G 12 = G 13 = 3.5 GPa, 
The numerical results of the deflection and stresses given by element QCSS8 with different mesh densities and different aspect ratios (a/h) are listed in Table 1 . The results obtained from elements Solid45 and Solsh190 in AN-SYS are also given here for comparison. The reference solutions are computed using the high-order solid element Solid186 in ANSYS [45] with a fine mesh 60×60×3 on each lamina. Deflections and stresses are evaluated at different plate locations, as
In Table 1 , symbol '+/-' is used to denote the location of the top and bottom surfaces of the interlaminar interface. The numerical results of the deflection and stresses given by QCSS8 converge to the reference solutions both in two aspect ratio cases. The present shear stresses are calculated from the average value of the shared node of the neighboring elements at the interlaminar interface. Although the shear stress τ i xz given by the present element are smaller than reference solutions, it can be seen from the results in Table 1 that the present element QCSS8 yield better results than elements Solid45 and Solsh190. The accuracy of shear stress τ i xz given by QCSS8 can be improved when more layers of elements are used through the plate thickness. Since the stress analysis plays a crucial role in real engineering problems, it is worthwhile to further examine the accuracy of the stresses given by QCSS8. The transverse normal stress is also considered in this example. The distributions of two normal stresses and two transverse stresses through the plate thickness given by different elements are plotted in figures 2-3.
As shown in figure 2 , the numerical results of the inplane normal stresses through the plate thickness given by different elements with two coarse meshes are nearly identical. Figure 3(a) illustrates that the present element QCSS8 is capable of accurately predicting the transverse normal stress even with a coarse mesh. Figure 3(b) shows that transverse shear stress obtained from QCSS8 is better than the transverse shear stresses calculated by elements Solid45 and Solsh190. Figure 3(b) also shows that the present element together with Solid45 and Solsh190 does not satisfy the zero traction conditions on the plate surfaces. It stands to reason that most of lower-order solid elements cannot exactly satisfy the zero traction condition on the top and bottom surfaces of the laminated plate. Because the linear distribution of the interpolated transverse shear strain/stress through the plate thickness in these elements lead to an inability to accurately characterize the highly nonlinear transverse shear stress in various plates [46] . But the computed transverse shear stresses can be improved by using the equilibrium equations in terms of stresses as the manner to evaluate the transverse shear stresses used in laminated plate theories [44] . Moreover, the accuracy of the resulting transverse shear stresses are measured by the predicted maximum stress and the interlaminar stress through the plate thickness, since the transverse shear stress on the plate surfaces has a neglected role in the safety design of laminated structures.
In conclusion, the stress comparisons depicted in figures 2-3 show that the present element QCSS8 yields not only very accurate in-plane normal stresses but good results for the transverse normal stress even with the coarse mesh. Besides, QCSS8 can also give the accurate maximum and interlaminar shear stress through the plate thickness. On the other hand, Solid45 and Solsh190 are able to give accurate axial normal stresses, but fail to give reliable transverse shear stresses. In order to study the influence of the face-to-core stiffness ratio on the analysis of the sandwich plate, the mechanical properties of the face panel are defined in terms of the core's mechanical properties and a multiplier R as Eq. (33) shown. The values of 5, 10 and 15 for R are considered.
Q face ij
= RQ core ij (33) Each skin panel of the sandwich is discretized by a mesh of 8×8×1 and the core is modeled by 8×8×8 mesh. The numerical solutions obtained from the present element are compared with exact solutions of Srinivas [47] , the analytical solutions obtained from a refined sandwich plate theory [44] and the numerical solutions calculated by element Solsh190. All the results for comparison listed in Table 2 are normalized as Table 2 shows that the results given by QCSS8 agree with elasticity solutions [47] and the analytical solutions evaluated from a refined sandwich plate theory [44] . Table 2 also indicates that the accuracy of QCSS8 deteriorates as the face-to-core stiffness ratio increasing. Nevertheless, the present solid-shell element QCSS8 possesses a higher accuracy of deflections and stresses than the solid-shell element Solsh190 in ANSYS in all the cases of face-to-core stiffness ratios. For example, when R = 15, the error of the maximum shear stress given by QCSS8 with respect to the elasticity solution is 6.4%, while the error of the maximum shear stress given by Solsh190 is 10.1%.
A laminated strip under three-point bending
The laminated strip subjected to three-point bending [48] is used to verify the correct representation of trans Because the core of the laminated strip is composed of four laminae, the core is modeled by four layers of ele- given by the stacked-shell model [12] which is denoted as SSA-n, herein 'n' is the number of sublaminates. Results for the deflection, the bending stress and the shear stress at the specified points of the strip are presented in Table 3 . Table 3 shows that both the deflection and the two components of stresses calculated by the present element QCSS8 agree well with reference solutions. Particularly, QCSS8 gives more accurate stresses than the 3-D solid element Solid45 and the solid-shell element Solsh190 in AN-SYS when the same mesh is used. It can also be found from Table 3 that the stacked-shell model presented by Lampeas et al. used a much higher density of mesh to obtain accurate results. Besides, sublaminates of the stackedshell model are tied by solid cohesive elements or con- tact interface elements, which leads to the higher computational cost since the use of either cohesive elements or contact interface elements consumes much more computational efforts. In contract, one layer or few layers of QCSS8 elements can be used to model each lamina of a laminated plate directly without resorting to interface elements, which makes QCSS8 possess highly computational efficiency.
An asymmetric cross-ply [0/90] plate under the sinusoidally distributed load
The asymmetric cross-ply [0/90] plate with simplysupported edges is investigated to examine the performance of element QCSS8 in this example. The length-tothickness aspect ratio of this squared plate is equal to 10. The material properties of the lamina are the same as those in the first example. The distributed load given in Eq. (35) is applied on the top surface of the laminated plate.
The distribution of the normal stress and the transverse shear stress obtained from element QCSS8 will be compared with the finite element results calculated by element Solsh190 and the reference solutions given in Ref. [43] .
The numerical solutions of the in-plane normal stress given by QCSS8 are nearly identical to the reference result shown in the figure 6(a) both in the fine mesh and in the coarse mesh. Meanwhile, figure 6(b) represents the transverse shear stresses through the thickness of the laminated plate and reflects that the present element possesses higher accuracy than the same-type element Solsh190 especially for the coarse mesh case. QCSS8 can also give the accurate maximum and interlaminar shear stress through the plate thickness in the analysis of the antisymmetric laminated plates. However, as pointed out in Section 3.1 that the present QCSS8 still does not satisfy the zero traction condition on the top and bottom surfaces of the laminated plate like most of lower order elements such as element Solsh190. Since these lower order elements interpo- lated the linear transverse shear strain through the plate thickness, and the transverse shear stresses are derived from the corresponding strain directly using the constitutive law, which lead to an inability to accurately characterize the highly nonlinear transverse shear stress for these elements. Therefore, there is some difference between the analytical solution of the transverse shear stress and the numerical solution of the transverse shear stress given by the present element. The computed shear stresses can be improved by using equilibrium equations in terms of stresses as the manner to evaluate the transverse shear stresses used in laminated plate theories. The fundamental improvement for this problem is going to further explore a more proper interpolation function matrix of the assumed element strain which can well describe nonlinear deformation and well solve the doubly-curved structures etc.
Conclusions
A reliable and accurate eight-noded solid-shell element based on the quasi-conforming element technique denoted as QCSS8 is used for the modeling and analysis of laminated composite plates. Unlike the conventional finite elements, the solid-shell element QCSS8 presented in this work is derived from the assumed element strain field which ensures stresses evaluated straightforwardly and accurately from the 3-D constitutive equation. The laminated plates can be modeled by QCSS8 efficiently because each lamina of a laminated plate is modeled by one layer or few layers of QCSS8 elements and a large aspect ratio of element edge to thickness is allowed.
Four typical examples of laminated composite plates are used to demonstrate outstanding performance of QCSS8. The numerical results of both deflections and stresses given by QCSS8 agree well with corresponding reference solutions. The numerical results show that the present solid-shell element QCSS8 possesses higher accuracy than the solid-shell element Solsh190 in ANSYS that has the same nodal degrees of freedom as QCSS8, particularly in the evaluation of transverse shear stresses and interlaminar stresses with the coarse meshes. The third example indicates that the solid-shell element QCSS8 possesses the highly computational efficiency in the analysis of the laminated composite plates than the stackedshell model since QCSS8 need neither solid cohesive elements nor contact interface elements which is used in the stacked-shell model.
